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In [4] M. Guin has introduced invariants i,, n r 0, on quadratic forms over a ring 
A which take their values in subquotients of &(A), the algebraic K-theory of A. For 
the case when A is a field and n =0, 1,2 he shows that these invariants coincide with 
the classical invariants, the dimension, the discriminant and the Hasse-Witt in- 
variants. 
In this paper we analyze the invariant is in the case of an algebraic number field, 
F. It turns out that i3 can be realized as a homomorphism from Z3(F) to k;(F), where 
Z(F) is the ideal of even dimensional forms in the Witt ring, W(F), and k;(F) is a 
subquotient of K,(F) described by Karoubi in [7]. The invariant i3 in this case does 
not agree with the Stiefel-Whitney invariant, w3, introduced by Milnor in [lo], but 
it does detect an interesting subgroup of K3(F). If F is totally real then K3(F) 
contains as a subgroup a direct product of cyclic groups of even order, one for each 
distinct real completion of F. Furthermore the generators of these cyclic groups are 
not decomposable, i.e. they are not in the image of the map from the Milnor K- 
theory to the Quillen K-theory (see [12]). Hence we have a new subgroup of K,(F), 
different from the one discussed in [12]. A conjecture might be that this subgroup is 
a direct product of Z/482, one for each real completion. This would give a 
generalization of the calculation of K3(Q) 3 Z/482 to other real number fields. 
1. 
Anytime hermitian K-theory is discussed there is an immediate problem of 
notation. In this section we will describe the notation we use and list some of the 
basic facts that are needed in the sequel. 
For a ring, A, GL,(A) is the group of n x n invertible matrices and GL(A) is the 
direct limit of the GL,(A), n = 1,2,3, . . . , derived from the obvious inclusion maps, 
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GL,(A)(GL,,i(A). BGL(A) is the classifying space of GL(A) in the sense of 
discrete groups. BGL(A)+ is the well known space derived from BGL(A) by the 
addition of certain 2-cells and 3-cells so that n,(BGL(A)+)zH,(BGL(A); Z) and so 
that BGL(A) and BGL(A)+ have isomorphic homology groups for all positive n (see 
for example [9]). 
Let E = f 1, then the group ,0,.(A) I GLzn(A) is the subgroup of automorphisms 
of A”@ A” which leave invariant the e-quadratic form (8 A). Passing to the direct 
limit as we did for the general inear group we get a quasi-perfect group, ,0(A). If 
B,O(A) is the classifying space we can perform the Quillen plus construction, as 
above, and construct the space B,O(A)+ [9]. 
Definition. (1) The algebraic K-group, K,,(A), is defined to be x,(BGL(A)+), n 11. 
(2) The hermitian L-group, ,L,(A), is defined to be n,(B,O(A)‘), n z 1. 
Remarks. We are purposely avoiding the notion of rings with involution, which is 
the natural setting for the hermitian theory, since for our purposes we will always 
take the involution to be the identity map. For the definitions of &(A), ,LO(A) 
see [9]. 
There are two important maps connecting the algebraic and hermitian theory. 
The hyperbolic functor induces a homomorphism from GL(A) to ,0(A) which in 
turn induces an abelian group homomorphism from K,(A) to ,L,(A) for all n r 0. 
In the other direction the natural inclusion, ,0,,(A) 4 GL>(A), induces a homo- 
morphism from ,L,(A) to K,,(A) for all n 20. 
Definition. (1) The Witt group, ,W,(A), is defined to be the cokernel {K,(A)+ 
CL,(A)). 
(2) The Witt co-group, ,WA(A), is defined to be the kernel {,L,(A) +K,(A)}. 
To make our last definition we need to introduce a certain Z/2Z action on the 
groups K,(A). The automorphism which sends a matrix to its inverse transpose 
induces an action, which we denote by t, of order 2 on K,(A) [7]. Let Id represent 
the identity map. 
Definition: 
(1) 
k,(A) gt kernel(Id - t) . 
Image(Id + t) 
(2) kn(A) g kernel(Id + 0, 
Image(Id - t) 
Examples. (1) If F is a field K*(F) E:*, the multiplicative group of units. Thinking 
of this group additively the action of t is multiplication by -1. It follows that 
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k,(F) = {elements of order 2) and 
KIWI k;(F) =- 
2K, (F) * 
(2) If A is commutative and we form the graded abelian group 
K*(A) gr “LI& K,(A) 
then there is a multiplicative operation which makes K&l) into a graded ring. Let F 
be a field then the decomposable subring, K*(F)dec, is the subring generated by 
K,(F). If K,,(F)dec is the subgroup of decomposable lements in degree n then the 
action of t on Kn(F)dec is multiplication by (-1)“. In particular when n =2 
(Kz(F)~~~=K~(F) by Matsumoto’s theorem) 
K2 (0 
k2(F)=- 
2K2 (F) 
and k;(F) = {elements of order 2). 
(3) For the case of the rational numbers, Q, it is known that the action of t on 
K3(Q)nZ/48Z is multiplication by -1 [a]. It therefore follows that ks(Q) = 
{elements of order 2) P Z/22 and 
k;(Q) = = a Z/22 
=3(Q) * 
The key to doing computations in the hermitian theory is provided by the twelve 
term ‘clock sequence’ [7], Theorem 4.3. 
Clock Sequence: For a ring A with a= *I we have the exact sequence shown in 
Diagram 1 for all n L 0, where from now on we assume + E A. 
k,+,(A) A -EW,,+2(A) Bn+l ,W;(A) dn+l k;+,(A) 
I 
‘II+1 
I 
., 
Jnc~ 
,K+ I(A) -,W,‘+ 164) 
I 
=?I+1 
I 
%+I 
,w,l+ ,641 -,K+ I(A) 
+ 
.I 
Jn+l 
k;+,(A) k 
P n+1 
-cW,‘(A) - EW,,+2(A) k 
I rn+l 
k+,(A) 
Diagram 1. 
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In the diagram: 
(i) r,+ I is induced by the forgetful1 functor. 
(ii) c,,+ I is the restriction of the quotient map from L,+,(A) to W,, ,(A). 
(iii) ji+, is induced by the hyperbolic functor. 
(iv) The other three maps utilize the periodicity isomorphism of hermitian 
K-theory and for their description we refer the reader to Theorem 4.3 in Karoubi’s 
article cited above. 
If F is a subfield of the real numbers, R, there is a connection between the 
K-theory of F (algebraic and hermitian) and the topological K-theory of the reals. 
The standard topology of R induces a topology on the groups GL(R) and ,0(R) 
and hence we can define the homotopy groups n,(GL(R)), n,(,O(!R)) for all n 20. 
Definition. 
K;P(lR)~f7rn,_,(GL(lR)), n2 1 
and 
def 
,LZP(R)= n,_*(,O(n?)), nz 1. 
Remarks. (1) Kpp(lR) is the usual real topological K-theory of a point, in the sense 
of real vector bundles, and we can use Bott periodicity to compute it for all n. 
(2) As in the case of algebraic K-theory the natural maps induced by the hyper- 
bolic and forgetful1 functors induce homomorphisms KFp(R) -, ,Lrp(lR) and 
,L~P(lR)+K~P(~), respectively. We can thereby define the groups ,Wjop(K?) and 
EW~‘“p(ll?), the topological Witt groups and cogroups. Furthermore the same Z/22 
action by ton GL(R) allows us to define /rzp(lR) and k~‘“p(~). Putting these groups 
together we obtain the topological version of the clock sequence [6]. 
(3) If F is a subfield of the reals, e.g. a real number field, then the inclusion maps 
GL(F) 4 GL(R) and ,0(F) 4,0(R) induce homomorphisms K,(F) -+Kpp(iR) and 
EL,(F)+EL~P(iR) [6]. These in turn lead to homomorphisms ,W,,(F)-,W,‘op(R), 
,WA(F) + eW~top(R), k,(F) +Ic~~(R) and k:(F) +kAtoP(lR). Putting these homo- 
morphisms together we induce a morphism of exact sequences between the clock 
sequence for F and the topological version of the clock sequence for I!?. 
2. 
For any ring A we can define the Witt ring, W(A), of quadratic forms over A 
(assuming characteristic 22 we can avoid the notion of symmetric inner product 
spaces, [l 1, Appendix I]). To connect this Witt ring with our previous definitions let 
us note that W(A)=, W&l) [6]. 
M. Guin introduces his invariants on quadratic forms over A via a spectral 
sequence whose E* terms are derived from the algebraic K-groups of A [4]. From 
the E” terms he obtains a sequence which we will denote El, E2, E3, . . . . The group 
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in a filtration of W(A) which we will describe below. The n-th Guin invariant is a 
homomorphism i,, :g+ + E,, with kernel equal to g,,, , , which induces the above iso- 
morphism. 
The filtration, F,,, can be described via the clock sequence as the successive images 
in I W,(A) z W(A) of the following sequence: 
a*- - ,W,(A) A _tW&l) 2 _tW*(A) -J+ ,W&l) -% ,W,(A). 
For the case where A is a field, F, it is shown in [5] that & can be identified with 
_,W2(F) and that the invariant i z can be interpreted as the homomorphism 
r2: _tW,(F) -k2(F). From the clock sequence it follows that p3?3a kernel(r2) = 
image{c2: _,W;(F) + -,W2(F)} which can be identified with -t&‘(F)/image(j;). 
j; is a map from k;(F), and k;(F) is the subgroup of elements of order 2 (see 
previous section) therefore the image of j; is all a-torsion. 
Let Z(F)5 W(F) be the ideal of even dimensional forms then Guin proves that 
& 3 Z3(F). If F is a number field then the total signature map induces an isomor- 
phism between Z3(F) and the free abelian group of rank r, Z: where r is the number 
of distinct real completions [1 11. For the case of a number field it therefore follows 
that we have a splitting _t W;(F) sZ3(F) 0 im(j;), e.g. -t W;(F)r,ee =Z3(F). Since 
Z3(Q is free at rank 1 the same will hold true for _,&‘(iR). 
We can now follow Guin’s plan as set out in [5] and calculate the invariant i3. 
From the previous observations we know that 
F4 P image { /I3 : , W,(F) + _, W;(F)/im (j;)} 
which is isomorphic to the kernel (d3 : _,W;(F)/im(j;) +k;(F)}. The map d3 is well 
defined on _t&‘(F)/im(j;) because of the splitting. This gives us a commutative 
diagram as follows: 
! P 
0 __* N- _tW;(F)/im(j;) d, k;(F). 
It therefore follows that for a number field, F, the invariant i3 can be realized as the 
homomorphism d3 : -, W;(F)free + k;(F). 
Remarks. We will close this section with some remarks about the groups -t W;(F) and 
_tW;(F)r,,, for a number field F. As we pointed out -IW;(F)freez -tW;(F)/im(j;). 
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It follows from the clock sequence that i; = zero map if d2: ,W,‘(F) -k;(F) = 
{elements of order 2) is a surjection. The group k;(F) is known to be equal to the set 
of symbols of the form {a, -l}, ~EF*, if F is a number field [l], appendix. For the 
Karoubi-Villamayor version of the hermitian theory the map dZ is computed in [6]. 
It sends an element 
F* 
(IE--Z ,W”(F) 
(F*)* 
to the element {a, -I} in k’*(F), e.g. d* is surjective. We are using the notation of 
[6] where the Karoubi-Villamayor groups are indexed by superscripts and the 
Quillen groups by subscripts. The algebraic K-groups K,,(F), K”(F) are isomorphic 
for all n, but the hermitian groups are in general different. It is known, though, that 
*W{(F) P I W”(F). If it were also true that d *=d* (a fact that we have been unable 
to ascertain so far) then d2 would also be surjective and the groups _IW;(F), 
-I W’(Fhr,, would be equal. In that case we could drop the subscript ‘free’ in the 
entire section and make all statements concerning _, W;(F) 2 13(F). * 
In this section we will show that if F is a subfield of the real numbers, i??, then 
d3 : _, W;(F) -+k;(F) is not the zero map. In particular the map d3 : -, W;(Q) + k;(Q) 
is the unique non-zero map from Z to Z/22. The idea of the proof is to use the topo- 
logical K-theory of the real numbers. I would like to thank Max Karoubi for 
showing me how to use K I”P to prove this critical lemma. 
Lemma. If F is a subfield of the real numbers then d3 : _, W;(F) -, k;(F) is not the 
zero map. 
Proof. (i) First let us compare a portion of the clock sequence of the algebraic and 
topological K-theory, respectively. 
,K(F) A _,W;(F) ‘I -+ k;(F) 
kjoP(R) - 
Let us assume that d3=0 and we will show that this leads to a contradiction. If d3 is 
zero then it follows that p3 is surjective. From Bott periodicity we know that 
Krp(W) =0 therefore /3Fp is an isomorphism. We claim that 492: _, W;(F)free-+ 
_, W;‘op(~) is surjective. This would imply that (pI is also surjective which will lead to 
’ Guin has informed me that d2 and dZ are the same map. 
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a contradiction. As far as the claim about rpz, we know that Z3(Q) +13(R) is an iso- 
morphism of Z onto Z. Finally it follows from [6, Lemma 5.21, that _rW;(R)+ 
_,IV~‘“P(lR) is surjective. 
(ii) To see why cp, could not be surjective let us look at another commutative 
diagram. 
The maps w,, wyp are induced by the hyperbolic functor and ryz, wpp are the maps 
defining tW4(F), ,Wpp(R), respectively. KrP(R)aZ by Bott periodicity and 
&y’(R)= Z x Z by [6, p. 3901. The map w:“’ is known to send a typical element 
(x, y) E Z x Z to x-y E Z [8]. Let s be an odd integer in , W’~P(R). If we assume that 
co1 is surjective there exists a pre-image, s^ in I W,(F). Let SE W?‘(J) then a#) =(x, y) 
would be an element of ,Lyp(il?) such that x-y is an odd integer. 
(iii) To conclude the proof we will show why such an element s’ could not exist. 
The following is a commutative square: 
,L4U’? - K,(F) 
where the horizontal arrows are induced by the forgetful1 functor. The map y is 
known to be the map sending (x, y) +x+y [8]. aI is the zero map by [3, Lemma 
3.31. The contradiction is as follows. If (Y#) = (x, y) with x-y an odd integer then 
y o crz($) =x + y # 0, but aI is the zero map. 
4. 
We are now ready to use our calculation of i3 = d3 to detect a 2-torsion subgroup 
of K3(F) when F is a real number field. The subgroup will be a direct product of 
even ordered cyclic groups, one for each real completion of F. To get the full power 
of the result we will need to assume that F is totally real, for in this case K,(F) is all 
torsion [2]. If F has c complex completions then as many as c of the cyclic 
summands may come from the free part of K3(F), thereby weakening if not nulli- 
fying the result. 
Let F,, . . . . F, be the distinct real completions of F. Then the inclusion maps 
F+ F;, 1~ i I r, induce an isomorphism 
13(F) 2 ,o, 13(fi) 
which is essentially the total signature map [Ill. For (Y E F* let (a) represent he 
l-dimensional quadratic form q(x) = ax 2. Then IV(R)SZ is generated by (1) and 
13(FJ =13(lR)=Z is the subgroup generated by 8(l). A set of free generators for 
Z3(F) can be’gotten as follows. Let sir 1 I ilr, be chosen so that ei is negative in F; 
but positive in f$, j # i. The set { (< I> - (E;>)~ 1 1 5 i 5 r) is a set of free generators for 
Z3(F). Using a shorthand notation borrowed from the theory of Pfister forms we 
will denote the ith generator as ((E,$). Note that for each i, 1 pier, ((E,$ maps to 
8( 1) in the ith spot and zero in all the rest. 
We recall that Kt (F) P F*. Using the notation introduced in [lo] we realize K,(F) 
additively by defining a map I : F* +K,(F) with /(&I) =/(a) + l(6). We also note that 
the direct sum 
K*(F) gfc K,(F) 
can be endowed with a graded multiplication which makes it into a graded ring [9]. 
Definition. The subring of decomposable elements in K,(F), K*(F)dec, is the 
subring generated by the set {l(a) (a E F*}. 
Note. This subring is exactly the image of the Milnor K-theory in the Quillen 
K-theory. 
Before stating the main theorem we recall a result from [12]. 
Proposition. Zf F is a real number field then K3(F)dec is isomorphic to (Z/ZZ)’ with 
{In 1 1 I i I r} providing a Z/22 basis. 
Theorem. Let F be a totally real numberfield with r real completions. Then K3(F) 
contains a subgroup which can be expressed as a direct product of r cyclic groups of 
even order. Furthermore if { y; 11 s i I r} is a set of generators then y; is not in the 
decomposable part of K3(F). 
Proof. (i) The map K3(Q) -+K3(iR) is injective [3] and thus the Z/22 action of t on 
the image of K3(Q)z Z/482 in K3(lR) is multiplication by -1. It therefore follows 
that the image {k;(Q) -k$?)}zZ/2Z and that l(-l)3-O in k&R). The second 
assertion follows from the fact that /(-I)’ is the unique element of order 2 in Z/482 
and hence 1(-1)3 E 2K3(R). The commutative square 
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-I %'(Qhree 
4 
- k;(Q) 
implies that d, : _IW~(R)~,,, + k;(lR) is the canonical surjection of Z-2/22 = 
image{k;(Q) --, k;(lR)). 
(ii) The inclusions FdK, 1 I isr, where F,, Fz, . . . . F, are the distinct real com- 
pletions of F induce a second commutative square 
-I WF) free 
4 
- k;(F) 
As we noted previously CJ is induced by the r signiture maps and is an isomorphism. 
Therefore the map (d3) 0 o : Zr++ (Z/2Z)’ is the canonical surjection which in each 
factor is the map identity modulo 2. Let G be the image of d3 in k;(F) then it follows 
that G/2G is isomorphic to (Z/22)‘. G is a subquotient of the finite torsion group 
K3(F), therefore by the structure theorem for such groups we know that KS(F) must 
contain a subgroup, G, which is a direct product of r cyclic groups of even order. 
Furthermore if { yi 11 I i I r} is a set of cyclic generators for G then the corresponding 
set { j’i 11 I is r} in G must map onto a set of generators for (Z/22)‘< n:=, k;(e) 
under the homomorphism h. 
(iii) This last assertion about the generators y; leads to a proof of the final 
assertion of the theorem i.e. that the _Yi are not in Kj(F)d”. As we noted K3(F)decs 
(Z/2Z)’ is generated by I(Ei)3. Each I(Ei)3 maps to 1(-1)3=0 in k;(e) and SO it 
follows that if there is any non-zero image of K3(F)dec in k;(F) it maps to zero under 
h. With our previous observation about the yi is follows that they cannot be in 
K3(F)dec. 
We conclude with a few remarks concerning the Stiefel-Whitney classes alluded 
to in the title. In [lo] Milnor introduces invariant classes, wi, 1 I is oo, for quadratic 
forms over a field which take their values in the Milnor ring. In terms of generators 
and relations the Mfnor ring, K:(F), is the associative ring with identity which is 
generated by symbols /(a), a E F*, subject only to the relations I(&) = I(a) + I(b) and 
/(a)/(1 -a) = 0, a, 1 -a # 0. It follows easily that the identity map KY(F) -K,(F) 
induces a ring homomorphism from KY(F) onto K*(F)dec. Through this ring homo- 
morphism we can view the Stiefel-Whitney classes as taking values in K*(F). For 
n=O, 1,2, K,,(F)zKnM(F) and w, agrees with i,, which in turn agrees with the 
330 J.M. Shapiro 
dimension, the discriminant and the Hasse-Witt invariants, respectively. For n = 3 
w3 is the zero map on 13(F). In fact we have the general result, [IO, Corollary 3.31, 
that if t=2”-* then wI, . . . . w,_ I annihilate I”(F) while wI is a well understood 
homomorphism from Z”(F) to K,“(F)i2K,M(F). In other words starting with n = 3 
we begin to have gaps in the information provided by the invariants w,. The Guin 
invariants show in a sense that to fill the gap for n = 3 we need to consider non- 
decomposable elements in K3(F) when generalizing the classical invariants to 
dimension three. 
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